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The Killing equation for a general Finsler space is set up. It is showed that the Killing equation of
(α, β) space can be divided into two parts. One is the same with Killing equation of a Riemannian
metric, another equation can be regarded as a constraint. The solutions of Killing equations present
explicitly the isometric symmetry of Finsler space. We find that the isometric group of a special case
of (α, β) space is the same with the symmetry of Very Special Relativity (VSR). The Killing vectors
of Finsler-Funk space are given. Unlike Riemannian constant curvature space, the 4 dimensional
Funk space with constant curvature just have 6 independent Killing vectors.
PACS numbers: 02.40.-k,11.30.-j
I. INTRODUCTION
In the past few years, two interesting theories of in-
vestigating the violation of Lorentz Invariance (LI) are
proposed. One is the so called Doubly Special Relativity
(DSR) [1–5]. This theory takes Planck-scale effects into
account by introducing an invariant Planckian parameter
in the theory of special relativity. Another is the so called
Very Special Relativity (VSR) developed by Cohen and
Glashow [6]. This theory suggested that the exact sym-
metry group of nature may be isomorphic to a subgroup
SIM(2) of the Poincare group. And the SIM(2) group
semi-direct product with the spacetime translation group
gives an 8-dimensional subgroup of the Poincare group
called ISIM(2) [7]. Under the symmetry of ISIM(2), the
CPT symmetry is preserved and many empirical suc-
cesses of special relativity are still functioned.
Recently, Physicists found that the two theories men-
tioned above are related with Finsler geometry. Girelli,
Liberati and Sindoni [8] showed that the Modified dis-
persion relation (MDR) in DSR can be incorporated into
the framework of Finsler geometry. The symmetry of the
MDR was described in the Hamiltonian formalism. Also,
Gibbons, Gomis and Pope [9] showed that the Finslerian
line element ds = (ηµνdx
µdxν)(1−b)/2(nρdx
ρ)b is invari-
ant under the transformations of the group DISIMb(2)
(1-parameter family of deformations of ISIM(2)).
Finsler geometry as a natural generation of Riemann
geometry could provide new sight on modern physics.
the model based on Finsler geometry could explain the
recent astronomical observations which Einstein’s gravity
could not. An incomplete list includes: the flat rotation
curves of spiral galaxies can be deduced naturally without
invoking dark matter [10]; the anomalous acceleration[11]
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in solar system observed by Pioneer 10 and 11 spacecrafts
could account for a special Finsler space-Randers space
[12]; the secular trend in the astronomical unit[13, 14]
and the anomalous secular eccentricity variation of the
Moon’s orbit[15] could account for effect of the length
change of unit circle in Finsler geometry[16].
Thus, the symmetry of Finslerian spacetime is worth
investigating. The way of describing spacetime symme-
try in a covariant language (the symmetry should not
depend on any particular choice of coordinate system)
involves the concept of isometric transformation. In fact,
the symmetry of spacetime is described by the so called
isometric group. The generators of isometric group is
directly connected with the Killing vectors[17]. In this
paper, we use solutions of the Killing equation to estab-
lish the symmetry of a class of Finslerian spacetime. In
particular, we show that the isometric group of a special
kind of (α, β) space is equivalent to the symmetry of the
VSR.
II. KILLING VECTOR IN RIEMANN SPACE
In this section, we give a brief review of the Killing vec-
tors in Riemann space (further material can be found, for
example, in [18]). Under a given coordinate transforma-
tion x → x¯, the Riemannian metric gµν(x) transforms
as
g¯µν(x¯) =
∂xρ
∂x¯µ
∂xσ
∂x¯ν
gρσ(x). (1)
Any transformation x→ x¯ is called isometry if and only
if the transformation of the metric gµν(x) satisfies
gµν(x¯) =
∂xρ
∂x¯µ
∂xσ
∂x¯ν
gρσ(x). (2)
One can check that the isometric transformations do form
a group. It is convenient to investigate the isometric
2transformation under the infinitesimal coordinate trans-
formation
x¯µ = xµ + ǫV µ, (3)
where |ǫ| ≪ 1. To first order in |ǫ|, the equation (2) reads
V κ
∂gµν
∂xκ
+ gκµ
∂V κ
∂xν
+ gκν
∂V κ
∂xµ
= 0. (4)
By making use of the covariant derivatives with respect to
Riemannian connection, we can write the above equation
as
Vµ|ν + Vν|µ = 0, (5)
where “|” denotes the covariant derivative. Any vec-
tor field Vµ satisfies equation (5) is called Killing vector.
Thus, the problem of finding all isometries of a given met-
ric gµν(x) is reduced to find the dimension of the linear
space formed by Killing vectors.
In Riemann geometry, by making use of the covariant
derivative, one could obtain the Ricci identities or inter-
change formula
Vρ|µ|ν − Vρ|ν|µ = −VσR
σ
ρ νµ, (6)
where R σρ νµ is the Riemannian curvature tensor. And
the first Bianchi identity for the Riemannian curvature
tensor gives
R σρ νµ +R
σ
ν µρ +R
σ
µ ρν = 0. (7)
Deducing from the equation (6) and (7), we obtain
Vρ|µ|ν = VσR
σ
ν µρ. (8)
Thus, all the derivatives of Vµ will be determined by the
linear combinations of Vµ and Vµ|ν . Once the Vµ and
Vµ|ν at an arbitrary point of Riemannian space is given,
then Vµ and Vµ|ν at any other point is determined by
integration of the system of ordinary differential equa-
tions. Therefore, the dimension of linear space formed
by Killing vector can be at most n(n+1)2 in n dimensional
Riemannian space. If a metric admits that the maximum
number n(n+1)2 of Killing vectors, its Riemann space must
homogeneous and isotropic (or the space is isotropic for
every point). Such space is called maximally symmetry
space. In Riemann geometry, the Schur’s lemma tells
us that a Riemannian space with at least 3 dimension is
maximally symmetry space if and only if its sectional cur-
vature is constant. Also, one can check that a 2 dimen-
sional Riemannian space is maximally symmetry space
if and only if its sectional curvature is constant. Thus,
the maximal symmetry of a given metric is an intrinsic
property, and not depending on the choice of coordinate
system.
One special maximally symmetry space is the
Minkowskian space. The Killing equation (5) of a given
Minkowskian metric ηµν(x) reduces to
∂Vµ
∂xν
+
∂Vν
∂xµ
= 0. (9)
The solution of the above equation is
V µ = Qµνx
ν + Cµ, (10)
where Qµν = ηρµQ
ρ
ν is an arbitrary constant skew-
symmetric matrix and Cµ is an arbitrary constant vector.
Thus, substituting the solution (10) into the coordinate
transformation (3) we obtain
x¯µ = (δµν + ǫQ
µ
ν)x
ν + ǫCµ. (11)
One should find that the term δµν+ǫQ
µ
ν in above equation
is just the Lorentz transformation matrix and the term
ǫCµ is related to the spacetime translation. Expanding
the matrix δµν + ǫQ
µ
ν and the vector ǫC
µ near identity,
one could obtain the famous Poincare algebra.
Other two types of maximally symmetry space are
spherical and hyperbolic case. Without loss of gener-
ality, we set its constant sectional curvature to be ±1 for
spherical and hyperbolic case respectively. The length
element of spherical and hyperbolic case is given in a
unified form
ds2 =
√
(1 + k(x · x))(dx · dx)− k(x · dx)2
1 + k(x · x)
, (12)
where the · denotes the inner product with respect to
Minkowskian metric and k = ±1 for spherical and hy-
perbolic case respectively. The metric is given as
gµν =
(
ηµν
1 + k(x · x)
− k
xµxν
(1 + k(x · x))2
)
, (13)
where xµ ≡ ηµνx
ν . The Christoffel symbols of the above
length element is given as
γρµν = −k
xµδ
ρ
ν + xνδ
ρ
µ
1 + k(x · x)
. (14)
Thus, the Killing equation (5) now reads
∂Vµ
∂xν
+
∂Vν
∂xµ
+
2k
1 + k(x · x)
(xµVν +XνVµ) = 0. (15)
The solution of the above equation is
V µ ≡ gµνVν = Q
µ
νx
ν + Cµ + k(x · C)xµ, (16)
where the index of Q and C are raise and lower by
Minkowskian metric ηµν and its matrix reverse ηµν .
III. KILLING VECTORS IN FINSLER SPACE
Instead of defining an inner product structure over the
tangent bundle in Riemann geometry, Finsler geometry
is base on the so called Finsler structure F with the prop-
erty F (x, λy) = λF (x, y) for all λ > 0, where x represents
position and y ≡ dxdτ represents velocity. The Finsler met-
ric is given as[19]
gµν ≡
∂
∂yµ
∂
∂yν
(
1
2
F 2
)
. (17)
3Finsler geometry has its genesis in integrals of the form∫ r
s
F (x1, · · · , xn;
dx1
dτ
, · · · ,
dxn
dτ
)dτ . (18)
So the Finsler structure represents the length element of
Finsler space.
Like Riemannian case, to investigate the Killing vec-
tor we should construct the isometric transformation of
Finsler structure. Let us consider the coordinate trans-
formation (3) together with the corresponding transfor-
mation for y
y¯µ = yµ + ǫ
∂V µ
∂xν
yν . (19)
Under the coordinate transformation (3) and (19), to first
order in |ǫ|, we obtain the expansion of the Finsler struc-
ture,
F¯ (x¯, y¯) = F¯ (x, y) + ǫV µ
∂F
∂xµ
+ ǫyν
∂V µ
∂xν
∂F
∂yµ
, (20)
where F¯ (x¯, y¯) should equal F (x, y). Under the transfor-
mation (3) and (19), a Finsler structure is called isometry
if and only if
F (x, y) = F¯ (x, y). (21)
Then, deducing from the (20) we obtain the Killing equa-
tion KV (F ) in Finsler space
KV (F ) ≡ V
µ ∂F
∂xµ
+ yν
∂V µ
∂xν
∂F
∂yµ
= 0. (22)
Searching the Killing vectors for general Finsler struc-
ture is difficult. Here, we give the Killing vectors for a
class of Finsler space-(α, β) space[20] with metric defin-
ing as
F = αφ(s), s =
β
α
, (23)
α =
√
gµνyµyν and β = bµ(x)y
µ, (24)
where φ(s) is a smooth function, α is a Riemannian met-
ric and β is one form. Then, the Killing equation (22) in
(α, β) space reads
0 = KV (α)φ(s) + αKV (φ(s))
=
(
φ(s) − s
∂φ(s)
∂s
)
KV (α) +
∂φ(s)
∂s
KV (β). (25)
And by making use of the Killing equation (22), we ob-
tain
KV (α) =
1
2α
(Vµ|ν + Vν|µ)y
µyν , (26)
KV (β) =
(
V µ
∂bν
∂xµ
+ bµ
∂V µ
∂xν
)
yν , (27)
where “|” denotes the covariant derivative with respect
to the Riemannian metric α. The solutions of the Killing
equation (22) have three viable scenarios. The first one
is
φ(s) − s
∂φ(s)
∂s
= 0 and KV (β) = 0, (28)
which implies F = λβ for all λ ∈ R. The second one is
∂φ(s)
∂s
= 0 and KV (α) = 0, (29)
which implies F = λα for all λ ∈ R. The above two
scenarios are just trivial space, we will not consider in
this section. Here we mainly consider the case that φ(s)−
s
∂φ(s)
∂s 6= 0 and
∂φ(s)
∂s 6= 0. This will induce the last
scenario. Apparently, in the last scenario we have such
solutions
Vµ|ν + Vν|µ = 0, (30)
V µ
∂bν
∂xµ
+ bµ
∂V µ
∂xν
= 0, (31)
while a0 6= 0. The first equation (30) is no other than
the Riemannian Killing equation (5). The second equa-
tion (31) can be regarded as the constraint for the Killing
vectors that satisfy the Killing equation (30). Therefore,
in general the dimension of the linear space formed by
Killing vectors of (α, β) space is lower than the Rieman-
nian one. Additional solutions of (22) should be obtained
from (22), it will be discussed in next section.
IV. SYMMETRY OF VSR
One important physical example of (α, β) space is
VSR. While we take φ(s) = sm and m is an arbitrary
constant, the Finsler structure takes the form proposed
by Gibbons et al.[9]
F = α1−mβm
= (ηµνy
µyν)(1−m)/2(bρy
ρ)m. (32)
We denote it by VSR metric. In this example, ηµν is
Minkowskian metric and bρ is a constant vector. One
immediately obtain from the first Killing equation (30)
of (α, β) space,
V µ = Qµνx
ν + Cµ. (33)
And the second Killing equation (31) gives the constraint
for Killing vector V µ,
bµQ
µ
ν = 0. (34)
Taking the light cone coordinate [7] α =
√
2y+y− − yiyi
(with i ranging over the values 1 and 2) and supposing
bµ = {0, 0, 0, b−}, we know that in general Q
−
µ 6= 0. It
means the Killing vectors of VSR metric (32) do not have
components Q+− and Q+i. In another word, the genera-
tors of the group that leaves the metric (32) invariant are
4just four spacetime translation generators (P+, Pi, P−)
and three subgenerators of Lorentz algebra (M−i,Mij).
This result implies that the VSR metric is invariant under
the E(2) group (the group of two-dimensional Euclidean
motion).
The above investigation and the Killing equations (30)
and (31) obtained in section 3 are under the premise that
the direction of yµ is arbitrary. It means that no preferred
direction exists in spacetime. If the spacetime does have
a special direction, the Killing equation (25) will have a
special solution. The VSR metric is first suggested by
Bogoslovsky [21]. He assumed that the spacetime has a
preferred direction. Following the assumption and taking
the null direction to be the preferred direction, we deduce
from Killing equation (25) that
0 = sm
(
1− n
2α
(
∂Vµ
∂xν
+
∂Vν
∂xµ
)
yµyν +ms−1bρ
∂V ρ
∂xκ
yκ
)
= sm
1
αβ
(
1− n
2
(
∂Vµ
∂xν
+
∂Vν
∂xµ
)
bκ
+mηµνb
ρ ∂Vρ
∂xκ
)
yµyνyκ. (35)
The above equations has a special solution
V+ = (Q+− +mη+−)x
− + C+, (36)
where Q+− is not only an antisymmetrical matrix, but
also satisfying the property
b− = −b
+Q+−. (37)
It implies that the Lorentz transformation for b+ is(
δ++ + ǫ(mδ
+
+ +Q
+
+)
)
b+ = (1 + ǫ(n+ 1)) b+, (38)
which means the null direction b+ (or b−) is invariant un-
der the Lorentz transformation. Therefore, if the space-
time has a preferred direction in null direction, the sym-
metry corresponded to Q+− is restored. In such case the
VSR metric is invariant under the the transformations of
the group DISIMb(2) proposed by Gibbons et al.[9].
Another important physical example of (α, β) space is
Randers space[22]. While we set φ(s) = 1+s, the Finsler
structure takes the form
F = α+ β. (39)
Then, in Randers space the Killing equation (25) reads
KV (α) +KV (β) = 0. (40)
Since the KV (α) contains irrational term of y
µ and
KV (β) only contains rational term of y
µ, therefore the
equation (40) satisfies if and only if KV (α) = 0 and
KV (β) = 0. If Randers space is flat, its Killing vec-
tors satisfy the same Killing equations with VSR metric.
It implies the flat Randers metric is invariant under the
E(2) group semi-direct product with the spacetime trans-
lation. Thus, let us focus on the non-flat Randers space.
In section 2, we know that a Riemannian space is maxi-
mally symmetry space if and only if it is a constant sec-
tional curvature space. Due to the first Killing equation
(30) of Finslerian space is the same with the Rieman-
nian one and the Killing vectors of Finslerian space must
satisfy the constraint (31), we know that a Finsler space
with constant flag curvature (the notion of flag curvature
is the counterpart of sectional curvature) has less inde-
pendent Killing vectors than its Riemannian counterpart,
in general.
Here, we just investigate a special Randers space with
constant flag curvature − 14 . It is called Funk metric[23].
This metric space can be regarded as a flat Minkowskian
space which influenced by a radial “wind” (vector)[24].
For Randers space with other types of constant flag cur-
vature, its α term is not a Riemannian constant sectional
curvature space. Then, its independent Killing vectors
should less than Funk one in general. The Funk metric
is given by
F =
√
(1− x · x)(y · y) + (x · y)2
1− x · x
+
x · y
1− x · x
, (41)
where the · denotes the inner product with respect to
Minkowskian metric. By making use of the result (16)
obtained in section 2, we know that the first Killing equa-
tion KV (α) = 0 (30) implies
V µ = Qµνx
ν + Cµ − (x · C)xµ. (42)
And the Funk metric implies bµ(x) =
xµ
1−x·x . Then, we
obtain the partial derivative for bµ(x),
∂bν
∂xµ
=
ηµν
1− x · x
+
2xµxν
(1− x · x)2
, (43)
and the partial derivative for Killing vectors V µ,
∂V µ
∂xν
= Qµν − δ
µ
ν (x · C)− x
µCν . (44)
By making use of the equation (42), (43) and (44), and
deducing from the second Killing equation (31) we obtain
2Qνµx
µ
1− x · x
+ Cν = 0. (45)
Substituting the equation (45) into (42), we get
V µ = Qµνx
ν
(
3− x · x
1− x · x
)
. (46)
Therefore, the dimension of the linear space formed by
the Killing vectors of Funk metric is 6. And the spacetime
translation generators corresponded to Cµ depend on the
generators of Lorentz group corresponded to Qµν .
5V. CONCLUSION
In the past few years, two interesting theories which
investigated the violation of Lorentz Invariance (LI) are
proposed. We showed that the Killing vectors satisfy the
same Killing equation (30) of a Riemannian metric, and
the major difference is the Killing vectors of (α, β) met-
ric need to satisfy the constraint (31). We proved that
the isometric group of a flat (α, β) space is just the sym-
metry in VSR proposed by Cohen and Glashow. If the
space do not have a preferred direction, we showed that
the generators induced by such Killing vectors are just
isomorphic to the E(2) group semidirect the spacetime
translation. While a preferred direction has chosen, it is
showed that the symmetry of such space isomorphic to
the SIM(2) group semidirect the spacetime translation.
For non flat case, we considered the Funk metric with
constant flag curvature. It is showed that the numbers of
independent Killing vectors of Funk metric is just 6. The
determination for the maximal number of independent
Killing vectors of (α, β) space (or general Finsler space)
still is a open problem. We hope it could be solved in the
future.
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